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Introduction In a generic reference period, consider Q(d) as the relationship The variable “n” represents a “standardized streamflow-volume” cBoer?tlidnejouEedt?strCilllaSJtrilg:ljt:)Onn’[OJf]netShe%%orﬁéIelrr:és;jaur;ege;ndiilttr(?lralllatﬁ:)\;]e where functions W(d) and fC(u) are respectively reported In
s . S~ i ' ' i =0 ! equations (8) and (10).
A flow duration curve (FDC) IS, by deflmtlon, the betyveen_ the obsgrved discharge val_ue_s and the total t'm? d, in measure, ranging between 0 and 1, with let write CB(a,b), with a and b parameters, obtained from reversing the | (6) (10
relationship between any given discharge value and which discharge is less than Q(d) within the reference period D. roles of distribution and quantile functions of a traditional Beta
i i initi Annual FDC for fixed T-year return period
: T . According to the cléssmal definition of FDC we have (6) ymin = log(W(1)) and ymax = log(W(D)) distribution. Within such approach, the quantities u and 1, above The return period of the r%/inimum annpual value of anv stochastic
the percentage of time that this discharge Is exceeded. (1) FDC(3)=Q(d) - - vely ic variable” _ P ) Y S0
. < . . . : Introduced, may be considered alternatively “stochastic variable” or bl b d loball hich «
- - - where the quantity o = (D-d) is called “duration” of discharge. _ _ . _ 3 N variable (observed once or globally in a year) which is “not
It represents the relationship between magnitude and Within our probabilistic approach the FDC is considered a respectively the logarithms of minimum daily flow and total annual probability” of each other. S exceeded”, on average, once in T years, is determined as a function
frequency of streamflow discharges. orobability distribution bounded by the minimum and the streamflowvolume._ | o | The _Complementary Beta distribution has cumulative distribution of its probability of not exceedence p as p = 1/T. On the other hand,
. : Let us assume n is a random variable Beta distributed. Consider function h iod of th i | val hich i
i i i maximum observed streamflows, then, d may be considered as a the return period of the maximum annual value which IS
The procedure proposed in this work Is based on the measure of u, probability of not exceedance of discharge, by ?ararg)e/tgezs ;‘;0’ b>0’t_a”‘|j diEOteBb)t/ cha’b)t’_ B(”ﬁ;b) and I(nl’at’b)B:tB 9) FC(u)=1-1(uab)=n() “exceeded”, on average, once in T years, is determined as a
s atriln it f n,a,0)/b(a,b) respectively the bBeta Tunction, the Incomplee beta and density function function of the same probability of not exceedence pasp = 1 — 1/T.
yse Ofl dIStI'IClIDU'[IOnSI S_UDDOFr':ed on a bpundeci: [Oﬂ_] means o( . d With 0 < U< 1 function and the incomplete Beta function ratio. The Beta distribution on f(u,a,b)= T b)}aBl({jt, b) ol Then. in order to replroesent the>:)verall variability oftheitreamflow
Interval an exploits the properties or the D [0,1] has quantile function (10) " (ua, -7 (ua volume function, we preserve the structure of equations (8) and and
Complementary Beta (CB) distribution (Jones, 2002). Definition of the annual streamflow volume function o | - let a and b take on the respective observed mean values pa and pb,
. Consider the calendar (or water) year as the reference period (7) n(u)=FB-1(u)=1 -1(u.a,b) where u Is considered a random variable and n the probability of not to write respectively:
The proposed model, accounts for the interannual then, working on dai,y(streamﬂgwﬁ, d is in days, and o as | - o exceedence of u. Following equation ( 3), the annual discharge function
variability of the FDC by means of distributions of days. In such a case the annual discharge function Q(d) is \é\;htir:il:] (I;Z rt:sls{gt;t;!Iftgn%{ir;ﬁtrzﬁc;eedance and I -1(u,a,b) is the inverse may be found from the derivative function of W(d) as: (14) wp(d)=exp{|1(%,ua,ub)(ymax,p—ymm,p)+ymm,p}
.. i i : : : : ' dw(d
annual minimum Cally dISCharge and total annual Fr:tc:e\grdaﬁuEZtigrr]dsp(gg(Jd)ﬂ;gp::ezz\ris Iar: vi?ﬁz?s Ior:‘gwgtredre rthi?dfotrhg Then, the incomplete Beta function ratio Is fitted to the annual function (11) Q(d):% Moreover after a derivation analogous to that from equation (11) to
streamflow while the Intra-annual variability IS varying from 1 to 365 days, ranges from the minimum daily gztg\;ele?]trgdaﬁe% Iiz :g:&ggg (031 Z?]?]’ugle EZ; ﬂ;?)nssfiodcehr?r?gCs:ri%elgg%r;cs The derivative in equation (11) may be solved considering W(d), as from (13), we obtain: W (d) ;
described by the CB distribution that, like the Beta volume W(1) to the total annual volume W(D). and corresponding probabilities u = d/D, as in equation ( 2). equation (8), with the INVETSE of the !nco_mplete B_eta function ratio (15)  Q,(d)= pD (ymax,p—ymm,p)fc(g,ua,ubj
- - - - d . . . '
distribut h t t h beh Following equations ( 4) and (5), the annual streamflow volume function replaced by the CB cumulative distribution function FC(u), as in
IStripution, nas two parameters Wnose Dbenaviour (3) W(d)=[Q(t)t W(d) can be expressed as equation (9), to give where ymin,p and ymax,p are found as corresponding pth-quantiles
characterizes the shape of the FDC and iIn particular o ° _ o) =W @Yy -y _)dFC(u)% of variables ymin and ymax, which according to equations (6) are
£ its tail Derivation of the annual streamflow volume function ®) W(d):exp{l_l(g . b) (o ey } (12) T du e functions respectively of the annual minimum daily streamflow and
OT ITS talis. Consider the log-transformed variable of W D' ) Smnl o the total annual streamflow. In equations ( 14) and (15) we
y = log(W |W >0) where n) is replaced by | -1(u,a,b), as from equation (7), with u evaluated and finally, replacing the derivative of the cumulative probability consider their quantiles arising from marginal distributions, and in
(4 as in equation ( 2). function of the CB distribution with its probability density function and principle they can be obtained from regional analysis of the
r‘ and its transformed u = d/D, as in equation ( 2): respective observations.
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CONCLUSIONS
The annual flow duration curve is considered, in principle, as a distribution function supported on the bounded interval [0,1] and ranging between
the annual minimum and maximum daily discharge. The two-parameters Complementary Beta distribution is used to model such annual FDC but,
E within this rationale, the incomplete Beta function ratio is used in order to fit the integral of the discharge-duration function, which represents the
z streamflow volume-duration curve. In this way the stochastic overall variability of annual FDCs is modelled analyzing the distribution of four
variables: the Complementary Beta parameters a and b, the annual minimum daily discharge and the total annual streamflow volume. The main
el bk e advantage of the proposed method lies In its parameterization which is based on the characterization of the minimum annual flow and the total
Er e e | I i B R B L ﬁﬁjﬁumnmuznnzsnannﬁn annual streamflow which are variables depending on long term climatic features and are usually well studied and amenable for regional analyses and
- v O B0 0 e U e = o R e T o D-d (days) prediction. In particular results reported in this paper show that the inter-annual variability of the FDC, whose prediction allows to assign a return
time to the whole FDC, is completely represented by them. On the other hand the two variables a and b, parameters of the Complementary Beta
Streamflow volume functions W(D-d) observed Streamflow volume functions W(D-d) observed Annual  streamflow  volume  functions Annual streamflow volume functions observed distribution, completely characterize the intra-annual variability of the FDC. They are responsible of the shape of the two tails, in particular a,
(dots) in 1937 and equation (continuous line) (dots) in 1937 and equation (continuous line) et Ll RS (coloured dots) and derived (contiuous line) characterizes the low-flow part of the FDC which depends on groundwater\subsurface contribution, while b characterizes the high-flow part of the
;";‘i‘z‘l‘ﬂi 11:11: fited. Beta function. fatisator St :t‘i“;;;ﬂ” Hited. B e g (oE S f}c;’ﬂtlggim [:_lf)ﬂii:;n :1:1:1131;5.-3; (fj);i;?;f 2 :Enﬂgq;jlgﬁliili}vfgi ;i_n'l’ UESgha, 0o FDC and is more affected by climate and precipitation features. The analysis of time series of a and b shows a significant (and expected) dependency

Pizzutello. on each other and on other climatic factors, nevertheless their inter-annual variability seems to be less important and their fractiles for assigned
probability @ are replaced by respective expected values p, and p, without significatively affect the prediction of significant Q, ,, and W, ,, values.
Such result is of particular interest since it opens a field of investigation about the spatial variability of u, and p, and their dependency on
measurable geomorphoclimatic quantities. Thus the EtaBeta model offers interesting perspectives in terms of regionalization and prediction in
ungauged basins. It is also useful to highlight that the EtaBeta model also allows to account, within a unique framework, for different characteristic
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. W [ ; basin functions useful for design and management of structural and non-structural water resources systems from the definition of environmental
il e Ha e s . 2 minimum streamflow requirements to the optimization of stream diversion and regulation structures. Besides FDC, we refer to minimum annual
= Qﬁmmﬁm — 2 3????????5?????????;7????1???-“;7?_;;??3;;;{}?&;5-:;;--1- = : flow distribution, maximum annual flow distribution and total annual flow distribution and other related quantities like, for example, the volume W,,
§-- = = g - .. of water diverted in a time interval D by an hydraulic structure with Q) maximum flow discharge.
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